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Abstract
This paper presents an analytical method of solution to steady two-dimensional hydromagnetic flow of a viscous incompressible,
electrically conducting fluid past a semi-infinite moving permeable plate embedded in a porous medium. It is assumed that the fluid
properties are constant except for the fluid viscosity which vary as an inverse linear function of temperature. The boundary layer
equations are transformed in to a coupled ordinary differential equations with the help of similarity transformations. The resulting
coupled ordinary differential equations were solved using the Homotopy Analysis Method (HAM). The combined effects of Dufour
and Soret was investigated and presented graphically with controlling pertinent physical parameters.
c⃝ 2015 The Authors. Production and Hosting by Elsevier B.V. on behalf of Nigerian Mathematical Society. This is an open access
article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction
Considerable attention has been given to the study of Magnetohydrodynamic flows over the years due to its
numerous industrial and scientific applications. Simultaneous transfer of heat and mass by natural convection in a
fluid saturated porous medium has received great attention during the last decades due to the importance of this
process which occurs in many engineering, geophysical and natural systems.
The magnetohydrodynamic flow of a viscous incompressible fluid past an impulsively infinite horizontal plate
was studied by Stoke [1]. In light of the above applications many researchers studied the effects of mass transfers
on Magnetohyhydrodynamics (MHD) free convection flow; some of them are Aboeldahab and Aziz [2], Raptis and
Kafousias [3] and Megahead [4]. In the above stated papers, the diffusion-thermo and thermal-diffusion terms were
neglected from the energy and concentration equations respectively. But when heat and mass transfer occurs simul-
taneously in a moving fluid, the relation between the fluxes and the driving potentials are of intricate nature. It has
been found that an energy flux can be generated not only by temperature gradient but also by composition gradients.
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Nomenclature
English symbols
Uo The uniform velocity of the plate
Vw(x) The suction velocity at the plate
T∞ Free stream temperature of the surrounding fluid
u, v Velocity components in x- and y- respectively
g Gravitational force due to acceleration
Dm Coefficient of mass diffusivity
C p The specific heat at constant pressure
Tm Mean fluid temperature
kt Thermal diffusion ratio
k∗ Permeability
M Magnetic parameter
Pr Prandtl number
Sc Schmidtl number
Sr Soret number
Du Dufour number
Gt Thermal Grashof number
Gm Local modifield Grashof number
K Permeability parameter
C f Skin-friction coefficient
f Dimensionless stream function
Nu Nusselt number
Sh Sherwood number
fw Suction/injection parameter
C∞ Free stream concentration
T Fluid temperature
C Fluid concentration
Greek symbols
µ Dynamic viscosity
ρ Density
βt Volumetric coefficient of thermal expansion
βc Volumetric coefficient of expansion
α Thermal diffusivity
βo Magnetic field of constant strength
σ Electrical conductivity
β Constant
φ Dimensionless concentration
η Similarity variable
ψ Stream function
θ Dimensionless temperature
γ Kinematic viscosity
ε Porosity
γo Initial kinematic viscosity
θr Temperature dependent viscosity parameter
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The energy flux caused by composition gradient is called the dufour or diffusion-thermal effect. The diffusion-thermo
(dufour) effect was found to be of considerable magnitude such that it cannot be ignored. In view of the importance
of this diffusion-thermo effect, Olanrewaju and Makinde [5] examined the effects of thermal diffusion and diffusion
thermo on chemically reacting MHD boundary layer of flow of heat and mass transfer past a moving vertical plate
with suction/injection. Ibraham et al. [6] recently reported computational solutions for transient reactive Magnetohy-
drodynamic heat transfer with heat source and wall mass flux effects. These studies did not consider neither heat and
mass transfer effect over an inclined plate nor examine the influence of soret and dufour effects on the flow. Cheng
and Liao [7] studied Magnetohydrodynamic free convection from an inclined surface with suction effects. The soret
effect refers to mass flux produce by a temperature gradient and the dufour effect refers to heat flux produced by a
concentration gradient.
In most of the studies related to heat and mass transfer process, soret and dufour effects are always neglected on the
assumption that they are of a smaller order of magnitude than the effects described by Fourier and Ficks. These effects
are significant when density difference exist in the flow regime. For example, when species are introduced at a surface
in fluid domain with different density compare to the surrounding fluid, both soret and dufour effects can be signifi-
cant. These effects are considered as second order phenomena and significant in areas such as hydrology, petrology,
geosciences etc. For isotope separation and in mixture between gases with very light molecular weight (H2,He) and
the medium molecular weight (N2, air), the soret effect is utilized. Dursunkaya and Worek [8] carried out the study
of diffusion-thermo and thermal-diffusion effects in transient and steady natural convection from a vertical surface.
Anghel et al. [9] analyzed the Dufour and Soret effects on free convection boundary layer flow over a vertical surface
embedded in a porous medium. Srinivasacharya and Ram Reddy [10] studied the Soret and Dufour effects on steady
MHD free convection flow past a semi-infinite moving vertical plate in a porous medium with viscous dissipation.
Soret and Dufour effects on steady MHD natural convection flow past a semi-infinite moving vertical plate in a porous
medium with viscous dissipation in the presence of a chemical reaction were studied by Motsa and Shateyi [11]. Most
recently, Makinde [12] studied the effects of soret and dufour on MHD mixed convection flow past a vertical plate em-
bedded in a porous plate medium, using a numerical approach and observed that the local skin friction coefficient of the
flow is significantly enhanced by the sorets and dufour effects. In the same line of research, the same authors Makinde
and Olanrewaju [13] examined the unsteady mixed convection of the flow through a binary mixture in the presence of
radiative heat transfer and nth order Arrhenius type of irreversible chemical reaction, taken into consideration the effect
of diffusion-thermal (dufour) and thermo-diffusion (soret) effects with the assumption that the fluid is optically thin.
The investigation of exact solutions to the problem of nonlinear equations plays an important role in the study
of the nonlinear physical phenomena. The homotopy analysis method [14,15] was first proposed by Liao in 1992.
The HAM was further developed and improved by Liao for nonlinear problems in [16], for solving solitary waves
with discontinuity in Wu and Liao [17], for series solutions of boundary layer flows in Tan et al. [18], for nonlinear
equations in Hayat et al. [19] and many other subjects. This technique has been successfully applied to many nonlinear
problems such as heat transfer analysis of the steady flow of a fourth grade fluid in Abbasbandry [20], solitary wave
solutions to the Kuramoto Sivashinsky equation in Mehmood [21], heat transfer analysis of unsteady boundary layer
flow in Bataineh et al. [22], approximate solutions of singular two-point BVPs in Zang et al. [23], 2-dimensional steady
slip flow in micro channels in Noorani et al. [24], singular IVPs of Emden fowler type in Abbasbandry [25], heat
radiation equations in Van Gorder [26], nonlinear fractional partial differential equations Mehdi et al. [27] and so on.
The application of the Homotopy Analysis Method (HAM) in engineering problems is highly considered by
scientists, because HAM provides us with a convenient way to control the convergence of approximation series,
which is a fundamental qualitative difference in analysis between HAM and other methods since it does not involves
discretization of the variable. Hence, in this work we present the application of HAM to the problem of dufour and
soret effects on steady MHD convective flow of a fluid in a porous medium with temperature dependent viscosity.
In most of the studies of this type of problems, the viscosity of the fluid has always been assumed to be constant.
However, it is a known that this physical property can change significantly with temperature and other factors. When
the effect of variable viscosity is taken into account in a given flow model, flow characteristic are significantly changed
compared to constant case (see Hassanien [28], Lai and Kulacki [29], Hazarika and Sarma [30]).
This paper seeks to investigate a magnetohydrodynamic boundary layer problem posed when the viscosity of the
fluid under investigation varies inversely with temperature. This will reveals the influence of temperature dependent
fluid viscosity parameter (ω), Dufour number (Du), Soret number (Sr) and Magnetic parameter (M). The rest of
the paper is organized as follows. Section 2 details the governing nonlinear coupled ODEs that model the steady
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Fig. 1. The flow model and the coordinate system.
mhd boundary layer problem under investigation. Section 3 presents a detailed description of the development of the
HAM for solving the governing equations. Section 4 presents the results and discussion. Conclusions are given in
Section 5.
2. Mathematical formulation
Consider a steady two-dimensional hydromagnetics flow of a viscous incompressible electrically conducting fluid
past a semi-infinite moving permeable plate embedded in a porous medium. We assumed that the flow is in the
x-direction, taken to be along the semi-infinite plate and the y-axis to be normal to it. The plate is maintained at a
constant temperature Tw, which is higher than the free stream temperature T∞ of the surrounding fluid and constant
concentration Cw which is greater than the constant concentration C∞ of the surrounding fluid. The flow model and
coordinate system is shown in Fig. 1. A uniform magnetic field of strength B0 is applied normal to the plate. The
fluid is assumed to be normal slightly conducting so that the magnetic Reynolds number is very small and the induced
magnetic field is negligible in comparison with the applied magnetic field. We also assumed that there is no applied
voltage, so that the electric field is absent. All the fluid properties are assumed to be constant except that density
variation with temperature and concentration in the body force term. Also we assumed that fluid viscosity (µ) vary
as an inverse linear function of temperature (see Lai and Kulacki [29]) with the usual boundary layer and Boussinesq
approximations, the conservation equations for the problem under consideration can be written as
∂u
∂x
+ ∂v
∂y
= 0, (1)
u
∂u
∂x
+ v ∂u
∂y
= 1
ρ
∂
∂y

µ(T )
∂u
∂y

+ gβt (T − T∞)+ gβc(C − C∞)− σ β
2
0
ρ
u − µε
ρk∗
u, (2)
u
∂T
∂x
+ v ∂T
∂y
= α ∂
2T
∂y2
+ DmKt
cpcs
∂2C
∂y2
, (3)
u
∂C
∂x
+ v ∂C
∂y
= Dm ∂
2C
∂y2
+ DmKt
Tm
∂2T
∂y2
. (4)
The initial conditions are given at y = 0 as
u(x, 0) = Uo, v(x, 0) = Vω(x), T (x, 0) = Tω, C(x, 0) = Cω. (5)
The boundary conditions for y →∞ are
u(x,∞) = 0, T (x,∞) = T∞, C(x,∞) = C∞. (6)
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In this research, fluid viscosity (µ) is assumed to vary as an inverse linear function of temperature. This assumption
is valid due to the nature of the flow problem, (i.e. as heat energy have a significant effect on the layers of the fluid
domain and also on molecular interchange as molecules of fluid move faster in higher temperatures) hence, we adopted
the mathematical model of temperature dependent viscosity given by Lai and Kulacki [29] as
1
µ(T )
= 1
µ∞
[1+ d(T − T∞)] or 1
µ(T )
= β[T − Tr ] (7)
where
β = d
µ∞
and Tr = T∞ − 1d (8)
µ∞ is the constant value of the coefficient of viscosity far from the sheet, d is a constants such that d > 0; The
following relations are now introduced for u, v, θ(η) and φ(η) as
u = ∂ψ
∂y
, v = −∂ψ
∂x
, θ(η) = T − T∞
Tw − T∞ , φ(η) =
C − C∞
Cw − C∞ . (9)
The governing partial differential equations (2)–(4) are transformed by the following non-dimensional quantities.
η = y

Uo
2xγo
, ψ = 2γoxUo f (η)
T = T∞ + (Tw − T∞)θ(η), C = C∞ + (Cw − C∞)φ(η). (10)
Here, ψ(x, y) is the stream function. The first two mathematical relations of (9) satisfy continuity equation (1).
By substituting the above transformation (10) into the governing equations (1)–(4) we obtain the following non-
dimensional form
(1− θrθ + θ2r θ2) f ′′′ + f f ′′ − (2θrθ − 1)θrθ ′ f ′′ − M f ′ − K (1− θrθ + θ2r θ2) f ′ + G tθ + Gmφ = 0, (11)
θ ′′ + Pr f θ ′ + PrDuφ′′ = 0, (12)
φ′′ + Sc f φ′ + ScSrθ ′′ = 0, (13)
where the prime denotes differentiation with respect to η.
M = 2σβ
2
o x
ρUo
, Pr = γo
α
, Sc = γoDm , Sr =
Dmkt (Tw − T∞)
γ Tm(Cw − C∞) , K =
2xγoε
k∗Uo
Du = Dmkt (Cw − C∞)
γ Tm(Tw − T∞) , G t =
gβt (Tw − T∞)2x
U 20
,
Gm = gβc(Cw − C∞)2x
U 20
, θr = d(Tw − T∞).
The transformed boundary conditions are:
f (0) = fw, f ′(0) = 1, θ(0) = 1, φ(0) = 1,
f ′(∞) = 0, θ(∞) = 0, φ(∞) = 0, (14)
where fw = −Vw

2x
γoUo
is the suction/injection such that if fw > 0 indicates suction and fw < 0 indicates blowing
at the surface. The physical quantities of interest in this problem as reported by Lai and Kulacki [29] are the skin
friction coefficient, the Nusselt number and the Sherwood number which are defined as
Skin friction coefficient
C f = Uo
x
√
2
∂u
∂y

y=0
= f ′′(0).
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Nusselt number
qw = −α ∂T
∂y

y=0
Nu =
qw

2xγ0
U0
α(Tw − T∞) = −θ
′(0).
Sherwood number
Jw = −Dm ∂C
∂y

y=0
Sh =
Jw

2xγ0
U0
Dm(Cw − C∞) = −φ
′(0).
3. Solution technique
In this paper, we have employed distinct analytic approximate method of solution.i.e. Homotopy Analysis Method
(HAM) to solve the transformed governing equations (11)–(13) subjected to the transformed boundary conditions
(14).
3.1. HAM
Nonlinear differential equations are usually arising from mathematical modeling of many physical systems. Some
of them are solved using numerical methods and some are solved using the analytic methods such as perturbation
techniques and adomian decomposition. Generally speaking, it is still difficult to obtain analytical solutions of
nonlinear problems. In this research, HAM is considered as a method of solution because of its efficiency as an
approximate solution of linear and nonlinear differential equations. It is an analytic method that is valid for strongly
non-linear problems even if a given non-linear problem does not contain any small/large parameters. It provides us
with a convenient way to adjust the convergence region and rate of approximating the series with freedom to use
different base functions to approximate a nonlinear problem. An introduction to homotopy theory was first proposed
by Hilton [31] and later, Liao [14] improved on the method and adapted it to gain an analytic approximations to the
problem of highly nonlinear differential equation.
The propose method has some advantages over other traditional analytic approximation methods. First, unlike
perturbation techniques, HAM is independent of small/large physical parameters, and thus is valid in more general
cases. In addition, HAM provides us a convenient way to guarantee the convergence of series solution. Furthermore,
HAM provides extremely large freedom to choose initial guess and equation-type of linear sub-problems. It is found
in Liao [14,15] that lots of nonlinear BVPs in science, engineering and finance can be solved conveniently by means
of HAM, whether the interval is finite or not. Let consider a differential equation
N [ f (η)] = 0, (15)
where N is a nonlinear operator, η denotes independent variable and f (η) is an approximate solution of (15) which is
an unknown function. Let f0(η) denote an initial approximation of f (η), H(η) is known as auxiliary function and L
denotes an auxiliary linear operator with the property:
L[ f (η)] = 0 when f (η) = 0. Instead of using the traditional Homotopy
H [ f (η; q); q] = (1− q)L[ f (η; q)− f0(η)] + qN [ f (t; q)]. (16)
We considered a nonzero auxiliary parameter h¯ and a nonzero auxiliary function H(η) to construct a new kind of
homotopy (16) which is more general than traditional homotopy which is only a special case when h¯ = −1 and
H(η) = 1
H [ f (η); q, h¯, H(η)] = (1− q)L[ f (η; q, h¯, H(η))− f0(η)] − qh¯H(η)N [ f (η; q, h¯, H(η))]. (17)
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qϵ[0, 1] is an embedding parameter and f (η, q) is a function of η and q . When q = 0, Eq. (17) becomes
H [ f (η); 0, h¯, H(η)] = L[ f (η; 0, h¯, H(η))− f0(η)]. (18)
As we can see, (18) is the solution of
H [ f (η), 0, h¯, H(η)] = 0.
When q = 1, Eq. (17) becomes
H [ f (η); 1, h¯, H(η)] = −h¯H(η)N [ f (η; 1, h¯, H(η))].
The above equations and Eq. (15) yield:
N [ f (η; 1, h¯, H(η))] = N [ f (η)].
As we can see, algebraically
f (η; 1, h¯, H(η)) = f (η). (19)
In many cases, by mean of analyzing the physical background and the initial/boundary conditions of the nonlinear
differential problem, we can know an appropriate base functions to represent the solution, even without solving
the given nonlinear problem (see Liao [14]). In view of the boundary conditions (14), f (η), θ(η) and φ(η) can be
expressed by the set of base functions of the form:
[η je−nj | j ≥ 0, n ≥ 0]. (20)
We can represent the solution in a series form as:
f (η) = a0,0 +
∞
n=0
∞
k=0
akn,kη
ke−nj (21)
θ(η) =
∞
n=0
∞
k=0
bkn,kη
ke−nj (22)
φ(η) =
∞
n=0
∞
k=0
ckn,kη
ke−nj . (23)
In which akn,k, b
k
n,k, c
k
n,k and k are the coefficients. As long as such a set of base functions is determined, the auxiliary
function H(η), the initial approximation f0(η), θ0(η) and φ0(η), and the auxiliary linear operator L f , Lθ and Lφ
must be chosen in such a way that all solutions of the corresponding high-order deformation of Eqs. (18), (20) exist
and can be expressed by this set of base functions. This provides us with a fundamental rule on how to choose the
auxiliary function H(η), the initial approximation f0(η), θ0(η) and φ0(η), and the auxiliary linear operator L f , Lθ
and Lφ ; this is called the rule of solution expression Liao [16]. This rule plays an important role in the application of
the HAM, as shown in this research. As mentioned above, a real function f (x) might be expressed by many different
base functions. Thus, their might exist some different kinds of rule of solution expressions and all of them might give
accurate approximations for a given nonlinear problem. In this case we might gain the best one by choosing the best set
of base functions. As mentioned above, in HAM we have great freedom to choose the auxiliary linear operator L , the
initial approximation f0(η), θ0(η) and φ0(η) and the auxiliary function H(η) to construct the zero-order deformation
equation. Invoking the rule of solution expressions above for f (η), θ(η) and φ(η) on Eqs. (11)–(13) together with
boundary conditions (14), the initial guesses f0(η), θ0(η) and φ0(η) which satisfies both the initial and boundary
conditions (14) are
f0(η) = 1+ fw − e−η, θ0(η) = e−η, φ0(η) = e−η. (24)
And the linear operators L f , Lθ and Lφ are defined as
L f [ f (η; q)] = ∂
3 f (η; q)
∂η3
− ∂ f (η; q)
∂η
, (25)
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Lθ [θ(η; q)] = ∂
2θ(η; q)
∂η2
− θ(η; q), (26)
Lφ[φ(η; q)] = ∂
2φ(η; q)
∂η2
− φ(η; q). (27)
The operators L f , Lθ and Lφ have the following properties:
L f [C1 + C2e−η + C3eη] = 0, Lθ [C4eη + C5e−η] = 0, Lφ[C6eη + C7e−η] = 0. (28)
In which C1,C2,C3,C4,C5,C6 and C7 are constants.
Zero order of deformation
Let qϵ[0, 1] denotes the embedding parameter, h¯ f , h¯θ and h¯φ represent the non-zero auxiliary parameters. Then,
the zero order deformation equation (when m = 0) according to Liao [15] can be expressed in the form
(1− q)L f [ f (η; q)− f0(η)] = q h¯ f H f (η)N [ f (η; q), θ(η; q), φ(η; q)], (29)
(1− q)Lθ [θ(η; q)− θ0(η)] = q h¯θ Hθ (η)N [ f (η; q), θ(η; q), φ(η; q)], (30)
(1− q)Lφ[φ(η; q)− φ0(η)] = q h¯φ Hφ(η)N [ f (η; q), θ(η; q), φ(η; q)]. (31)
Subject to boundary conditions
f (η = 0; q) = fw, f ′(η = 0; q) = 1, θ(η = 0; q) = 1, φ(η = 0; q) = 1,
f ′(η = ∞; q) = 0, θ(η = ∞; q) = 0, φ(η = ∞; q) = 0. (32)
(1− θrθ(η; q)+ θ2r θ2(η; q))
∂3 f (η; q)
∂η3
− (2θrθ(η; q)− 1)θr ∂θ(η; q)
∂η
∂2 f (η; q)
∂η2
− f (η; q)∂
2 f (η; q)
∂η2
−M ∂ f (η; q)
∂η
− (1− θrθ(η; q)+ θ2r θ2(η; q))K
∂ f (η; q)
∂η
+ G tθ(η; q)+ Gmφ(η; q) = 0 (33)
∂2θ(η; q)
∂η2
+ Pr f (η; q)∂θ(η; q)
∂η
+ PrDu∂
2φ(η; q)
∂η2
= 0, (34)
∂2φ(η; q)
∂η2
+ Sc f (η; q)∂φ(η; q)
∂η
+ ScSr ∂
2θ(η; q)
∂η2
= 0. (35)
Clearly, when q = 0, the zero order of deformation equations (33)–(35) leads
L f [ f (η; 0)− f0(η)] = 0, Lθ [θ(η; 0)− θ0(η)] = 0, Lφ[φ(η; 0)− φ0(η)] = 0. (36)
With the property that
f (η; 0) = f0(η), θ(η; 0) = θ0(η), φ(η; 0) = φ0(η). (37)
Subject to
f (η = 0; q) = fw, ∂ f (η = 0; q)
∂η
= 1, θ(η = 0; q) = 1, φ(η = 0; q) = 1,
∂ f (η = ∞; q)
∂η
= 0, θ(η = ∞; q) = 0, φ(η = ∞; q) = 0. (38)
When q = 1, the zero order of deformation equations (29)–(31) leads to
0 = h¯ f H f (η)N [ f (η; 1), θ(η; 1), φ(η; 1)], (39)
0 = h¯θ Hθ (η)N [ f (η; 1), θ(η; 1), φ(η; 1)], (40)
0 = h¯φ Hφ(η)N [ f (η; 1), θ(η; 1), φ(η; 1)]. (41)
This implies that
f (η; 1) = f (η), θ(η; 1) = θ(η), φ(η; 1) = φ(η). (42)
A.J. Omowaye et al. / Journal of the Nigerian Mathematical Society 34 (2015) 343–360 351
Subject to
f (η = 0; 1) = fw, ∂ f (η = 0; 1)
∂η
= 1, θ(η = 0; 1) = 1, φ(η = 0; q) = 1,
∂ f (η = ∞; 1)
∂η
= 0, θ(η = ∞; 1) = 0, φ(η = ∞; q) = 0. (43)
High order of deformation
Expanding f (η; q), θ(η; q) and φ(η; q) in Taylor series with respect to the embedding parameter q,
f (η; q) = f0(η)+
∞
m=1
fm(η)q
m, where fm(η) = 1m!
∂m f (η; q)
∂ηm

q=0
(44)
θ(η; q) = θ0(η)+
∞
m=1
θm(η)q
m, where θm(η) = 1m!
∂mθ(η; q)
∂ηm

q=0
(45)
φ(η; q) = φ0(η)+
∞
m=1
φm(η)q
m, where φm(η) = 1m!
∂mφ(η; q)
∂ηm

q=0
. (46)
Since we are sure that the series (44)–(46) converge at q = 1, we have
f (η; q) = f0(η)+
∞
m=1
fm(η) (47)
θ(η; q) = θ0(η)+
∞
m=1
θm(η) (48)
φ(η; q) = φ0(η)+
∞
m=1
φm(η). (49)
To obtain the mth order deformation, Eqs. (29)–(31) are differentiated with respect to q in m times and then divide
the result by m!, while setting q = 0, yield:
L f [ f (η; q)− χm fm−1(η)] = h¯ f H f (η)R fm(η), (50)
Lθ [θ(η; q)− χmθm−1(η)] = h¯θ Hθ (η)Rθm(η), (51)
Lφ[φ(η; q)− χmφm−1(η)] = h¯φ Hφ(η)Rφm(η). (52)
Subject to
fm(η = 0) = fw, f ′m(η = 0) = 1, θm(η = 0) = 1, φm(η = 0) = 1,
f ′m(η = ∞) = 0, θm(η = ∞) = 0, φm(η = ∞) = 0, (53)
where
R fm(η) = f ′′′m−1 − θr
m−1
n=1
θn f
′′′
m−1−n + θ2r
n
l=1
m−1
n=1
θlθn−l f ′′′m−1−n − 2θr
n
l=1
m−1
n=1
θlθ
′
n−l f ′′m−1−n
+ θr
m−1
n=1
θ ′n f ′′m−1−n +
m−1
n=1
fn f
′′
m−1−n − K f ′m−1 + K θr
m−1
n=1
θn f
′
m−1−n
− K θ2r
n
l=1
m−1
n=1
θlθn−l f ′ − M f ′m−1 + G tθm−1 + Gcφm−1 (54)
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(a) Combined h¯ curves f ′′(0), θ ′(0) and φ′(0) at the
20th order of approximations.
(b) h¯ f curves for f ′′(0) at the 20th order of
approximations.
(c) h¯θ curves for θ ′(0) at the 20th order of
approximations.
(d) h¯φ curves for φ′(0) at the 20th order of
approximations.
Fig. 2. Convergent controlling parameter h¯ on velocity, temperature and concentration profiles.
Rθm(η) = θ ′′m−1 + PrDuφ′′m−1 + Pr
m−1
n=1
fnθ
′
m−1−n (55)
Rφm(η) = φ′′m−1 + ScSrθ ′′ + Sc
m−1
n=1
fnφ
′. (56)
And
χm =

0 when m ≤ 0,
1 when m > 1.
(57)
According to the rule of solution expression, the rule of coefficient ergodicity and the rule of solution existence as
discussed by Liao [15] we choose auxiliary functions as
H f (η) = Hθ (η) = Hφ(η) = 1. (58)
Convergence of the analytic solution
The convergent rate of approximation of the HAM solution strongly depends on the values of non-zero auxiliary
parameter h¯, which is mentioned by Liao [15]. As Eqs. (50)–(52) involve h¯ f , h¯θ and h¯φ , so we can adjust the
convergence of our HAM solution. To compute the admisble values of h¯ f , h¯θ and h¯φ , we display the h¯ curve of the
− f ′′(0),−θ ′(0) and−θ ′(0) for different order of approximations. Figs. 2–5 depicts the range for the admissible values
of h¯ f , h¯θ and h¯φ which are −1.25 ≤ h¯ f ≤ −1.19,−1.29 ≤ h¯θ ≤ −1.24 and −1.26 ≤ h¯φ ≤ −1.21. We observed
that the series presented in Eqs. (47)–(49) converge in the whole region of η when h¯ f = h¯θ = h¯φ = −1.17529.
4. Results and discussion
An approximate analytical solutions have been obtained using Homotopy Analysis Method (HAM) for different
values of pertinent parameters as defined in the transformed governing equations to obtain a clear insight of the
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(a) Velocity profile. (b) Temperature profile.
(c) Concentration profile.
Fig. 3. Effect of Magnetic parameter M on velocity, temperature and concentration profiles.
physical problem. The Prandtl number has been chosen to be Pr = 0.72 corresponding to the Prandtl number of air,
while schmidt number (Sc) was chosen to be Sc = 0.62 representing diffusing chemical species of most common
interest in air like H2,H2O and NH3. Unless otherwise stated, the following values of physical parameters have been
used in our computations: M = 0.1, K = 0.1, Gr = 0.1, Gm = 0.1, Pr = 0.72, Sc = 0.62, Sr = 1, Du =
1, fw = 0.1.
Attention is focused on zero or positive value of the buoyancy parameters that is, local temperature Grashof number
G t ≥ 0 and local concentration Grashof number Gm ≥ (which indicates that the chemical species concentration in
the free stream region is less than the concentration at the boundary surface). The dimensionless velocity f ′(η),
temperature θ(η) and concentration φ(η) for various values of magnetic parameter M are shown in Fig. 3. Fig. 3(a)
represents the velocity profile for the different values of magnetic field parameter M . It is observed that velocity of the
flow decreases significantly throughout the fluid domain with increasing values of magnetic parameter. Application of
a magnetic field to an electrically conducting fluid produces a kind of drag-like force called Lorentz force. This force
causes reduction in the fluid velocity within the boundary layer as the magnetic field opposes the transport phenomena.
While in Fig. 3(b), the temperature distribution increases with increasing magnetic values. The effect of Lorentz force
on velocity profiles generated a kind of friction on the flow,this friction in turn generated more heat energy which
eventually increases the temperature distribution in the flow (see Fig. 3(b)). Whereas, the concentration profile of the
fluid has a significant increase with increase in the magnetic parameter due to the temperature gradient inherent in the
viscosity of the fluid as shown in Fig. 3(c).
Figs. 4 and 5 depicted the effects of varying the local Grashof number G t and local modified Grashof number
Gm respectively on the velocity,temperature and concentration profiles. Figs. 4(a) and 5(a) show the variation of the
boundary-layer velocity with the buoyancy forces parameters (Gt,Gm). In both cases, an upward acceleration of the
fluid in the vicinity of the vertical wall is observed with increasing intensity of buoyancy forces. While in Fig. 4(b) and
(c), we observed downward trend in the temperature and concentration profiles. Fig. 5(b) and (c) illustrated graphically
the effects of varying the local modified Grashof number Gm with increasing values of η on the flow profiles. In these
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(a) Velocity profile. (b) Temperature profile.
(c) Concentration profile.
Fig. 4. Effect of local Grashof parameter Gt on velocity, temperature and concentration profiles.
figures, we observed that temperature and concentration distributions of the flow decrease as local modified Grashof
number increased.
Fig. 6(a) shows a significant decrease in the fluid velocity distribution with an increase in the permeability
parameter (K ). A porous medium with low permeability coefficient will restrict the movement of fluid through it.
While we observed in the Fig. 6(b)–(c) that increasing values of permeability coefficient actually boost the temperature
and concentration profiles.
Fig. 7 illustrate the distribution of velocity, temperature and concentration at various values of dufour parameter.
The effects of the dufour number on the velocity profile is shown in Fig. 7(a). From this figure it can be seen that the
effect of dufour number on the velocity profile is not as significant as temperature profile. The effect of the thermo-
diffusion parameter (dufour number) on the temperature distribution is also shown in Fig. 7(b). As Du increases
within the range of 0 ≤ Du ≤ 1, the temperature distribution increases significantly along the vertical heated plate
(0 ≤ η ≤ 6), afterward the temperature decreases gradually as it approaches infinity. Fig. 7(c) revealed that an increase
in dufour number leads to decrease in the concentration distribution near the vertical heated plate.
The effect of temperature dependent variable viscosity θr on the flow profiles such as dimensionless velocity f ′(η),
temperature θ(η) and concentration φ(η) are respectively presented in Fig. 8. It can be seen from Fig. 8(a) that an
increase in θr lower the velocity profile. An increase in the magnitude of θr corresponds to an increase in the value of
(Tw − T0) at a constant value of d . This eventually decreases the time of interaction between neighboring molecules
and the intermolecular forces between the fluid and subsequently, causes an increase in the viscosity of the fluid (es-
pecially for gas) which leads to the fluid moving slower (see [30]). Furthermore, the curve show that value of the
velocity decreases rapidly near the wall of the vertical heated plate as η increases and then decays as η becomes large.
This means that the heat energy being injected from the vertical plate varnishes at larger values of η. An increase in the
magnitude of θr can be seen to increase the temperature. As (Tw−T0) increases, the fluid will attempt to expand since
it is an incompressible fluid. Thus, the fluid assumes all the heat energy (temperature) available and this accounts for
increase in the temperature profiles. The effect of θr on the concentration is also shown. As the concentration of the
species in the fluid diffuse from the region of higher concentration to region of lower concentration. It is observed that,
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(a) Velocity profile. (b) Temperature profile.
(c) Concentration profile.
Fig. 5. Effect of modified Grashof parameter Gm on velocity, temperature and concentration profiles.
when the parameter θr increases, there is significant increase in the concentration profiles for the selected parameters
used in the calculation.
Fig. 9 show the influence of soret parameter Sr on the dimensionless velocity, temperature and concentration
distributions. It can be observed from Fig. 9(a) that the fluid velocity increases negligibly with increasing values of
the soret parameter Sr. As expected, the effect of soret number on the temperature is quite opposite to that of the
dufor parameter. Temperature profile decreases negligibly near the wall with an increase in soret parameter Sr. In
addition, Fig. 9(c) exhibits the effect of soret number on concentration profile. We observe that when Sr increases, the
concentration profile increases significantly within the flow regime. Fig. 10 depicted the influence of the mass transfer
coefficient i.e. suction fw ≥ 0 on the dimensionless velocity, temperature and concentration. Fig. 10(a) presents the
effect of suction on fluid velocity with increase in the magnitude of suction parameter fw, the velocity distribution is
found to reduce (i.e. suction leads to decrease in fluid velocity in the momentum boundary layer region). The physical
explanation for such a behavior is that: (i) In case of suction, the heated fluid is pushed towards the wall where the
buoyancy forces can act to retard the fluid due to high influence of the viscosity, (ii) this effect acts to decrease the
wall shear stress and (iii) local Skin friction. Fig. 10(b) exhibits the temperature profile with the increasing suction
parameter fw. The thermal boundary layer thickness decreases with an increase in the value of suction parameter;
this causes an increase in the rate of heat and mass transfer. The explanation for such behavior is that the fluid
is brought closer to the surface and reduces the thermal boundary layer thickness in case of suction. As such, the
presence of wall suction decreases velocity boundary layer thickness sucking decelerated fluid particles through
the porous wall and reduce the growth of the fluid boundary layer as well as thermal and concentration boundary
layer.
Tables 1–3 exhibit the values of skin-friction coefficient f ′′(0), heat transfer coefficient −θ ′(0) and Sherwood
number −φ′(0) for various values of temperature dependent viscosity parameter θr , permeability parameter K and
Soret number Sr respectively. In Table 1, It is found that skin-friction coefficient f ′′(0) increases with increase in θr .
While Nusselt number and Sherwood number decrease with increase in θr . From Table 2, it can be inferred that
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(a) Velocity profile. (b) Temperature profile.
(c) Concentration profile.
Fig. 6. Effect of Permeability parameter K on velocity, temperature and concentration profiles.
Table 1
HAM solution for skin friction coefficient,local heat transfer rate and sherwood
number at different values of temperature dependent variable viscosity θr at 20th
order of approximation when Gt = Gm = K = M = Du = Sr = fw =
0.1, Sc = 0.62, Pr = 0.72, h¯ f = h¯θ = h¯φ = −1.17529.
θr − f ′′(0) −θ(0) −φ(0)
−0.5 0.0021 0.5579 0.5005
0 0.6567 0.5330 0.4770
0.5 0.7392 0.5172 0.4619
1.0 0.7918 0.5143 0.4611
skin-friction coefficient f ′′(0) increases with an increasing value of θr , whereas, Nusselt number and Sherwood
number decrease with increase in θr . In Table 3, It is found that an increase in the value of Soret number Sr of
the fluid leads to decrease in skin-friction coefficient f ′′(0) and Sherwood number, while Nusselt number increases
with increase in Soret number Sr .
5. Conclusion
In this paper, we have used the homotopy analysis method (HAM) to investigate and solve a third-order nonlinear
boundary value problem that governs the two-dimensional magnetohydrodynamic flow in a porous medium with
soret-dufor and temperature dependent viscosity effect. The non-linear momentum, energy and species boundary layer
equations are transformed into ordinary differential equations using a suitable similarity variables. The transformed
boundary layer equations are solved using HAM. The HAM is apparently more accurate and efficient because it offers
more flexibility in choosing linear operators compared to other approximate analytical methods. Although, there is
limitation to use of homotopy analysis method in solving fractional differential equations. Also, in using HAM to
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(a) Velocity profile. (b) Temperature profile.
(c) Concentration profile.
Fig. 7. Effect of Dufour number (Du) on velocity, temperature and concentration profiles.
Table 2
HAM solution for skin friction coefficient,local heat transfer rate and
sherwood number at different values of Permeability parameter K at 20th
order of approximation when Gt = Gm = θr = M = Du = Sr = fw =
0.1, Sc = 0.62, Pr = 0.72, h¯ f = h¯θ = h¯φ = −1.17529.
K − f ′′(0) −θ(0) −φ(0)
0.1 0.7392 0.5172 0.4618
0.5 0.9588 0.4860 0.4328
1.0 1.1862 0.4558 0.4054
1.5 1.3690 0.4321 0.3845
Table 3
HAM solution for skin friction coefficient,local heat transfer rate and
sherwood number at different values of Soret number Sr at 20th order
of approximation when Gt = Gm = θr = M = Du = K = fw =
0.1, Sc = 0.62, Pr = 0.72, h¯ f = h¯θ = h¯φ = −1.17529.
Sr − f ′′(0) −θ(0) −φ(0)
0.0 0.7418 0.5147 0.4844
0.5 0.7287 0.5266 0.3702
1.0 0.7160 0.538322 0.2515
1.5 0.7035 0.5499 0.1282
solve nonlinear algebraic or differential equations, little is know on how to obtain homotopy derivative for a function
of more general type. This is a serious restriction on the use of powerful homotopy analysis method. However, the
effects of various physical controlling parameters have been investigated on the flow profiles. Our findings on the
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(a) Velocity profile. (b) Temperature profile.
(c) Concentration profile.
Fig. 8. Effect of temperature dependent viscosity parameter (θr ) on velocity, temperature and concentration profiles.
(a) Velocity profile. (b) Temperature profile.
(c) Concentration profile.
Fig. 9. Effect of Soret number (Sr ) on velocity, temperature and concentration profiles.
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(a) Velocity profile. (b) Temperature profile.
(c) Concentration profile.
Fig. 10. Effect of mass transfer coefficient ( fw) on velocity, temperature and concentration profiles.
analysis can be summarized as follows:
 An increase in the dufour number of the fluid caused a notable reduction in skin friction coefficient and local heat
transfer rate momentarily at the wall of the vertical plate, but increases the magnitude of sherwood number.
 An increase in the soret number of the fluid caused a reduction in skin friction coefficient and Sherwood number,
but increases the magnitude of local heat transfer rate along the flow.
 Due to stronger magnetic field the dimensionless velocity distribution reduces along the flow regime, while
temperature and concentration distribution increase.
 Due to an increase in temperature dependent viscosity parameter, there is increase in skin friction coefficient of the
flow while local heat transfer rate and Sherwood number decrease asymptotically.
 An increase in the temperature dependent viscosity parameter (θr ) of the fluid caused a reduction in the velocity
profiles, but increases the magnitude of temperature distribution throughout the boundary layer.
 There is remarkable effect of permeability parameter on the flow profiles especially local heat transfer rate and
sherwood number. A significant reduction is observed in heat flux transfer rate and sherwood number as a result
of an increase in permeability parameter. While, there is reduction in the magnitude of skin friction coefficient
throughout the boundary layer.
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